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UNAVOIDABLE INDUCED SUBGRAPHS OF LARGE 2-CONNECTED GRAPHS
SARAH ALLRED, GUOLI DING, AND BOGDAN OPOROWSKI
Abstract. Ramsey proved that for every positive integer n, every sufficiently large graph contains an
induced Kn or Kn. Among the many extensions of Ramsey’s Theorem there is an analogue for connected
graphs: for every positive integer n, every sufficiently large connected graph contains an induced Kn, K1,n,
or Pn. In this paper, we establish an analogue for 2-connected graphs. In particular, we prove that for every
integer exceeding two, every sufficiently large 2-connected graph contains one of the following as an induced
subgraph: Kn, a subdivision of K2,n, a subdivision of K2,n with an edge between the two vertices of degree
n, and a well-defined structure similar to a ladder.
1. Introduction
The terms and symbols that are not defined explicitly in this paper will be understood as defined in
Diestel [2]. This paper focuses on the induced subgraph relation, and so we will often wish to state that a
graph G contains an induced subgraph isomorphic to a graph H ; in such a case we will abbreviate this by
saying that G conduces H . All graphs we consider are finite, simple, and undirected.
The classical result of Ramsey [8], which served as a motivation for this paper and many others, is the
following:
Theorem 1.1 (Ramsey’s Theorem). For every positive integer r, there is an integer f1.1(r) such that every
graph on at least f1.1(r) vertices conduces Kr (a complete graph on r vertices) or Kr (an edgeless graph on
r vertices).
There are numerous extensions of Ramsey’s Theorem for graphs of various levels of connectivity and
different relations on graphs. For connected graphs, we have the following:
Theorem 1.2 ((5.3) of [3]). For every positive integer r, there is an integer f1.2(r) such that every connected
graph on at least f1.2(r) vertices conduces one of the following graphs: Kr, K1,r, and Pr.
For 2-connected graphs, we have the following for the relation of topological minors:
Theorem 1.3 ((1.2) of [7]). For every integer r exceeding two, there is an integer f1.3(r) such that every
2-connected graph on at least f1.3(r) vertices contains a subgraph isomorphic to a subdivision of K2,r or Cr.
For topological minors, a theorem of this type was proved in [7] for 3- and internally-4-connected graphs.
For parallel minors, a theorem of this type was proved in [1] for 1-, 2-, 3-, and internally-4-connected graphs.
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Similar results have been proved for 3-connected binary and general matroids in [3] and [4]. The goal of the
paper is to present an analogous result to Theorem 1.3 using the original relation in Ramsey’s Theorem of
induced subgraphs.
Before stating precisely the main result of this paper, we need to define two families of graphs. Let r be
an integer exceeding two. Let K2,r be the family of graphs obtained from K2,r by subdividing each of the
edges of K2,r an arbitrary number, possibly zero, of times. Let K
+
2,r be the family of graphs obtained from
the family K2,r by adding an edge between the two vertices of degree r to each member of the family K2,r.
Trees and paths will play a significant role in this paper, so we need some definitions describing their
properties. A tree T with a distinguished vertex ρ, called the root, is a rooted tree and is denoted by (T, ρ).
Its height is the maximum distance from one of its vertices to the root. There is a natural partial ordering
of the vertices of T : we write u ≤T v whenever u lies on the ρv-path of T . We write u <T v whenever u lies
on the ρv-path of T and u is distinct from v. If the identity of the tree is clear from the context, we may
use ≤ or < instead. The vertices v such that u <T v are called the descendants of u. The descendants of u
that are also its neighbors are called its children. For two vertices a and b of T such that a ≤ b or b ≤ a, the
subgraph of T induced by the vertices v such that a ≤ v ≤ b is denoted by T [a, b]. Note that if in particular
a > b, then T [a, b] is empty. Similarly, the subgraph of T induced by the vertices v such that a < v < b is
denoted by T (a, b). The subgraphs T (a, b] and T [a, b) are defined analogously.
A messy ladder is a triple (L,X, Y ) that consists of a graph L whose vertices all lie on two disjoint induced
paths X and Y , called rails. Each rail is considered to be a tree rooted at one of its endpoints, which is
called the initial vertex, and the other endpoint is called the terminal vertex. The edges of L that belong to
neither X nor Y are called rungs. The graph L has an edge between the initial vertices of the rails, called σ,
and an edge between the terminal vertices of the rails, called τ . At most one of the rails may be trivial. In
some contexts when we say messy ladder, we mean only the graph L, of which the existence and properties
of X and Y are a part. The order of a messy ladder is its number of vertices. The following are equal: the
order of a messy ladder, the order of the graph L, and the number of vertices in X ∪ Y .
If e is a rung in a ladder with rails X and Y , then eX and eY denote the end-vertices of e on X and Y ,
respectively. Two rungs in an ordered pair e and f cross if eX < fX and fY < eY . We also say that (e, f)
is a cross whose X-span is X [eX , fX ], and whose Y -span is Y [fY , eY ]. A cross whose X-span and Y -span
are both single edges is degenerate. A clean ladder is a messy ladder whose crosses are all degenerate.
In all figures of this paper, thick segments represent induced paths with an arbitrary number of vertices,
while thin lines indicate single edges.
eXfX
fY eY
Figure 1.1. A clean ladder
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In Figure 1.1, there are a few features to notice: the fan indicated by blue line segments is a clean ladder,
and so is the cycle indicated by green line segments. A degenerate cross is depicted by the red line segments.
These structures are discussed in detail in Section 4.
The following is the main result of the paper:
Theorem 1.4. Let r be an integer exceeding two. There is an integer f1.4(r) such that every 2-connected
graph of order at least f1.4(r) conduces one of the following: Kr, a clean ladder of order at least r, a member
of K2,r, and a member of K
+
2,r.
Our proof uses Ramsey numbers, the known bounds on which are believed to be very far from best
possible. So in our proofs, we value clarity of the arguments over the tightness of the bounds.
To prove the main theorem, we consider the cases where the large 2-connected graph G either has a long
path as a subgraph or it does not. Section 2 discusses the case where G does not have a long path. In that
case, we prove that G conduces two of the graphs listed in the conclusion of Theorem 1.4. The case where
G has a long path is broken into two sections. In Section 3, we start the with long path and obtain a large
messy ladder. In Section 4, we show that if a messy ladder is large enough, then it conduces a sufficiently
large clean ladder. Section 5 combines the results of Sections 2, 3, and 4 to prove Theorem 1.4.
2. Graphs Without a Long path
In this section, we prove that a large 2-connected graph either has a long path or conduces one of the
graphs desired in the main result.
A rooted tree (T, ρ) that is a spanning subgraph of a graph G is called normal if, for every two adjacent
vertices u and v of G, either u ≤T v or v ≤T u. It is well known that every connected graph has a normal
spanning tree (Proposition 1.5.6 of [2]). A rooted sub-tree (T ′, ρ′) of (T, ρ) has T ′ as sub-tree of T and (T ′, ρ′)
preserves the ordering of (T, ρ).
Lemma 2.1. Let q and r be integers exceeding one. There is an integer f2.1(q, r) such that if G is a 2-
connected graph on at least f2.1(q, r) vertices, then G has either a path of order q+1 or an induced subgraph
that is a member of one of the following families: K+2,r and K2,r.
Proof. We prove that f2.1(q, r) = 2 + (d − 1) + (d − 1)
2 + . . . + (d − 1)q−1, where d = 1 + (q − 2)(r − 1),
satisfies the conclusion.
Let (T, ρ) be a normal spanning rooted tree of G. If (T, ρ) has height at least q, then (T, ρ) has a path of
order q + 1, and the conclusion follows.
For the remainder of the proof, we may assume the height of (T, ρ) is less than q. Since G has order at
least f2.1(q, r), the tree (T, ρ) has a vertex v with at least d children.
Let R be the ρv path in (T, ρ), which has order at most q − 1. For each child vi of v, let (Ti, vi) be
the rooted sub-tree of (T, ρ) induced by vi and all of the descendants of vi. Since v has at least d children,
there are at least d sub-trees of (T, ρ) rooted at children of v. We need to consider only d of them: (T1, v1),
(T2, v2), . . . , (Td, vd). Since (T, ρ) is normal and the rooted sub-trees are distinct, every edge of G with
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exactly one end in some Ti must have the other end in R− v. Since G is 2-connected, it follows that v is not
a cut-vertex of G. For each j ∈ {1, 2, . . . , d}, there is an edge ej in G incident with both a vertex on (Tj , vj)
and a vertex uj on R − v. By the definition of d, there is a k ∈ {1, 2, . . . , d} such that uk is incident to at
least r of the edges ej ; let u = uk. Let I be a set of r indices from {1, 2, . . . , d} of the edges ei that have u
as one endpoint and the other endpoint on (Ti, vi). Each (Ti, vi) spans a component Gi of G− V (R). Both
vertices u and v have neighbors in Gi. Let G
′
i be the subgraph of G that consists of Gi and all the edges
between Gi and {u, v}. Note that G
′
i is connected. Let Pi be a shortest uv-path in G
′
i.
Let H be the subgraph of G induced by
⋃
i∈I Pi. Since (T, ρ) is normal, G has no edges between internal
vertices of distinct paths in {Pi}i∈I, and since each Pi is a shortest uv-path in Gi, it follows that H is the
union of internally-disjoint uv-paths. If u is adjacent to v in G, then H is a member of the family K+2,r, and
if u is not adjacent to v in G, then H is a member of the family K2,r. The conclusion follows.
r
u
v
v1 v2 v3 v4 v5 v6
e1
e4 e5
(a) member of the family K2,r in G
r
u
v
v1 v2 v3 v4 v5 v6
e2 e3
e6
(b) member of the family K+2,r in G
Figure 2.1. Process of obtaining a member of the family K2,r or K
+
2,r
Figure 2.1 shows the paths whose union is either a member of the family K2,r or a member of the
family K+2,r. The red vertices are the vertices in the bipartition of size r and the blue vertices are members
of the bipartition of size two. The red segments show the edges of a graph in K2,r and the blue edge in
Figure 2.1b illustrates the edge between the two vertices of degree r in a member of the family K+2,r. 
3. From a Long Path to a Messy Ladder
In this section, we prove that if a large 2-connected graph G has a long path as a subgraph, then G
conduces one of the following: a large messy ladder, a large complete graph, a large K2,n, and a large K
+
2,n.
The goal of this section is to prove the following lemma.
Lemma 3.1. Let p and q be integers exceeding two. There is an integer f3.1(p, q) such that every 2-connected
graph with a path of order f3.1(p, q) conduces one of the following: Kp, K2,p, K
+
2,p, and a messy ladder of
order at least q.
Before proceeding, we need the following result of Galvin, Rival, and Sands [5].
Theorem 3.2 (Theorem 4 of [5]). Let p, q, and r be positive integers. There is an integer f3.2(p, q, r) such
that every graph with a spanning path of order at least f3.2(p, q, r) contains Kp,q as a subgraph or conduces
a path of order r.
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We use this theorem to prove that a large graph conduces either a graph from the list desired in Theo-
rem 1.4 or a long path.
Corollary 3.3. Let q and r be integers exceeding two. There is an integer f3.3(q, r) such that every graph
with a path of order at least f3.3(q, r) conduces one of the following: Kq, K2,q, K
+
2,q, and a path of order r.
Proof. Let f3.3(q, r) = f3.2(2, s, r) where s = f1.1(q), and f1.1(q) and f3.2(2, s, r) are the numbers from
Ramsey’s Theorem (Theorem 1.1) and Theorem 3.2, respectively. We prove that f3.3(q, r) satisfies the
conclusion. Suppose G is a graph with a path P of order at least f3.3(q, r).
Let H be the graph obtained from G by deleting all vertices except those on the path P . So V (H) = V (P )
and H is an induced subgraph of G. Thus, the path P is a spanning path of H of order at least f3.2(2, s, r).
By Theorem 3.2, the graph H conduces a path of order r or contains K2,s as a subgraph. If H conduces a
path of order r, then so does G, and the conclusion follows.
Therefore, we may assume H has a subgraph isomorphic to K2,s whose bipartition is (A,B) with |A| = 2
and |B| = s. Let H(B) be the subgraph of H induced by B, we apply Ramsey’s Theorem (Theorem 1.1) to
H(B). By Theorem 1.1, the graph H(B) conduces either Kq or Kq. If H(B) conduces Kq, then so does H ,
and the conclusion follows. If H(B) conduces Kq, then let I be an independent set of order q in H(B). Since
K2,s is a subgraph of H which is not necessarily induced, there may be an edge between the two vertices of
A in H . The subgraph of H induced by the vertex set A∪ I is isomorphic either to K2,q if the vertices of A
are non-adjacent, or to K+2,q otherwise. Since G conduces H , we have that G conduces one of the following:
Kq, K2,q, and K
+
2,q, as desired. 
We will use Tutte’s notion of a bridge found in [9], see also [6], to build the messy ladder. Define a
H-bridge or (a bridge of H) to be a connected subgraph B of G \ E(H) that satisfies either one of the
following two conditions:
(1) B is a single edge with both endpoints in V (H). In this case, B is called a degenerate bridge.
(2) B − V (H) is a connected component of G − V (H); and B also includes every edge of G with one
end point in V (B)− V (H) and the other end point in H .
Note that every edge of G \ E(H) belongs to exactly one H-bridge. Vertices that belong to both B and H
are called vertices of attachment of B.
Suppose G is a large 2-connected graph that has a long induced uv-path P . Our goal is to use P to form
a large induced messy ladder. Since P is an induced path, it has no degenerate bridges. For each bridge
Bi of P in G, let ui and vi be the two vertices of attachment of Bi such that P [ui, vi] includes all vertices
of attachment of Bi. We call P [ui, vi] the span of Bi. A P -bridge chain B1, B2, . . . , Bk is a sequence of
bridges of an induced uv-path P satisfying the following:
u = u1 < u2 < v1 ≤ u3 < v2 ≤ u4 < v3 ≤ · · · ≤ uk−1 < vk−2 ≤ uk < vk−1 < vk ≤ v
The rank of a P -bridge chain is the number of bridges that form the P -bridge chain. The span of a P -bridge
chain is the union of the spans of its elements. A P -bridge chain of rank 6 is shown in Figure 3.1.
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u=u1 u2 v1 u3 v2 u4 v3=u5 v4 u6 v5 v6 = v
Figure 3.1. P -bridge chain of rank 6
In the next lemma, we prove that if a large 2-connected graph G has a long induced path, then G has a
bridge with a long span, or G has a bridge chain of large rank.
Lemma 3.4. Let r be an integer exceeding three. There is an integer f3.4(r) such that every 2-connected
graph with an induced path P of order at least f3.4(r) has a P -bridge with span of order at least r − 1 or a
P -bridge chain of rank at least r − 2.
Proof. Let f3.4(r) = (r− 2) + (r− 4)(r− 4) + 1. Suppose G is a 2-connected graph that conduces a path P
of order at least f3.4(r). Let u and v be the endpoints of P such that u < v. If the span of a bridge of P
has order at least r− 1, then the conclusion follows. We may therefore assume that each bridge has span of
order at most r − 2.
There is a P -bridge chain B1, B2, . . . , Bj such that the span of each P -bridge Bi is P [ui, vi] for 1 ≤ i ≤ j
and u1 = u. If j ≥ r − 2, then the conclusion of the lemma follows, and we may thus assume that every
P -bridge chain with u1 = u has rank at most r − 3.
Select a P -bridge chain B = B1, B2, . . . , Bk with u1 = u and maximum span. In order to find an upper
bound on the order of the span of B, note that the span of B1 has at most r − 2 vertices, k ≤ r − 3, and
the span of each of the bridges B2, B3, . . . , Bk contributes at most r − 4 new vertices. Since P has order
at least f3.4(r), it follows that vk 6= v. Moreover, as vk is not a cut-vertex of G, the path P has a bridge
B with a vertex of attachment on P [u, vk) and another vertex of attachment on P (vk, v]. Let ℓ be minimal
subject to B having a vertex of attachment on P [u, vℓ). The P -bridge chain B1, B2, . . . , Bℓ, B has larger
span than B; a contradiction.
Thus G has a P -bridge chain with rank at least r − 2, as required. 
The next lemma proves that in either outcome of Lemma 3.4, the graph under consideration conduces a
large messy ladder.
Lemma 3.5. Let r be an integer exceeding three. There is an integer f3.5(r) such that if a 2-connected
graph G has an induced path of order f3.5(r), then G conduces a messy ladder of order at least r.
Proof. Let f3.5(r) = (r − 2) + (r − 4)(r − 4) + 1, which is equal to the number f3.4(r) from Lemma 3.4.
Suppose that G has an induced path P of order f3.5(r). For each bridge Bi of P in G, let ui, vi be the two
vertices of attachment of Bi such that P [ui, vi] is the span of Bi.
If G has a P -bridge B with span P [u′, v′] having order at least r − 1, then let Q be an induced path in
B with end-vertices u′ and v′. Since P is induced, the path Q has at least one vertex distinct from u′ and
v′. The subgraph of G induced by Q ∪ P [u′, v′] is a messy ladder of order at least r with rails P (u′, v′) and
Q. The conclusion follows.
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Now, we may assume by Lemma 3.4 that G has a P -bridge chain B1, B2, . . . , Br−2. For each 1 ≤ i ≤ r−2,
let Qi be an induced path in Bi with the endpoints ui and vi. Since P is induced, each Qi contains at least
one vertex distinct from ui and vi. Define G
′ to be the subgraph of G induced by P [u1, vr−2] ∪
r−2⋃
i=1
Qi.
In G′, we delete vertices on P (uj+1, vj), if they exist, for j = {1, 2, . . . , r − 3} to obtain a graph G
′′.
If r − 2 is odd, then let X = Q1 ∪ P (v1, u3) ∪ Q3 ∪ P (v3, u5) ∪ Q5 ∪ · · · ∪ P (vr−4, vr−2) ∪ Qr−2 and
Y = P (u1, u2) ∪ Q2 ∪ P (v2, u4) ∪ Q4 ∪ P (v4, u6) ∪ · · · ∪ Qr−3 ∪ P (vr−3, vr−2). If r − 2 is even, then let
X = Q1 ∪ P (v1, u3) ∪ Q3 ∪ P (v3, u5) ∪ · · · ∪ Qr−3 ∪ P (vr−3, vr−2) and Y = P (u1, u2) ∪ Q2 ∪ P (v2, u4) ∪
Q4 ∪ · · · ∪P (vr−4, ur−2)∪Qr−2. Let the root of X be u1 and let the root of Y be the neighbor of u1 on P .
Notice that all vertices of G′′ lie on X ∪Y , the graph G conduces G′′, and that (G′′, X, Y ) is a messy ladder.
Figure 3.2 illustrates this process of obtaining a messy ladder (G′′, X, Y ) from G′. The rails X and Y
of (G′′, X, Y ) are indicated by the green and blue paths. We remind the reader that thin line segments
indicate edges of G′ and G′′ and thick curves and line segments indicate induced paths of G′ and G′′, with
the straight line segments possibly being trivial.
P
Q1 Q2 Q3
(a) G′ where r − 2 is even (b) A nicer representation of G′
(c) (G′′, X, Y )
Figure 3.2. Process of obtaining a messy ladder from G′
Since each of the r − 2 bridges contributes to the messy ladder at least one vertex not on P , it follows
that (G′′, X, Y ) is a messy ladder of order at least r, as required. 
Note that the numbers in the conclusion of two previous lemmas are the same. The process of obtaining
a messy ladder from a long induced path has been described in two steps, namely Lemmas 3.4 and 3.5.
We are now ready to prove Lemma 3.1, restated below.
Lemma 3.1. Let p and q be integers exceeding two. There is an integer f3.1(p, q) such that every 2-connected
graph with a path of order f3.1(p, q) conduces one of the following: Kp, K2,p, K
+
2,p, and a messy ladder of
order at least q.
Proof. Let f3.1(p, q) = f3.3(p, r) where r = f3.5(q). Since G has a path of order at least f3.3(p, r), the
graph G conduces one of the following Kp, K2,p, K
+
2,p, and Pr. In the last case, Lemma 3.5 implies that G
conduces a messy ladder of order at least q, as required. 
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4. From a Messy Ladder to a Clean Ladder
We prove that a sufficiently large messy ladder conduces a clean ladder of the desired order.
In order to clean the ladder, we need to define some terms for the crosses. The cross (e, f) is full if the
messy ladder (L,X, Y ) has no other cross whose X-span contains the X-span of (e, f) and whose Y -span
contains the Y -span of (e, f). Two crosses are independent if their X-spans and Y -spans are edge-disjoint.
In general, crosses may not be ordered in any particular way with respect to the rails X and Y , however,
independent full crosses may be ordered by the position in which their vertices appear on the rails, as
explained in Lemma 4.1.
Lemma 4.1. Let (e, f) and (g, h) be independent full crosses of a messy ladder (L,X, Y ), with the X- and
Y -spans being X [eX , fX ], Y [fY , eY ], X [gX , hX ], and Y [hY , gY ], respectively. Then fX ≤ gX if and only
if eY ≤ hY .
Proof. Let (e, f) and (g, h) be independent full crosses. Suppose for a contradiction that fX ≤ gX , how-
ever eY 6≤ hY . Then hY ≤ fY < eY and eX < fX ≤ gX < hX . Thus (e, h) is a cross whose X-span
contains the X-spans of (e, f) and of (g, h). This contradicts the fact that the crosses (e, f) and (g, h) are
full. Hence eY ≤ hY . The other direction of the proof follows an analogous argument. 
For two independent full crosses (e, f) and (g, h), define the relation (e, f) < (g, h) by fX ≤ gX
(or eY ≤ hY ).
We will be interested in maximal sequences of independent full crosses, that is, those sequences that do
not appear as proper subsequences of any other sequence of independent full crosses.
Let (L,X, Y ) be a messy ladder with σX , τX , σY , and τY as the initial and terminal vertices of X and Y ,
respectively, and let X be a maximal sequence of independent full crosses in (L,X, Y ). Our goal is now to use
X to eliminate all non-degenerate crosses in the messy ladder (L,X, Y ) to obtain a clean ladder (H,U,W ). To
do this, we need the following operation on ladders that eliminates non-degenerate independent full crosses.
Let X = (X1,X2, . . . ,Xz) be a maximal sequence of independent full crosses in (L,X, Y ). The operation
of resolving the cross Xi = (e
i, f i) results in a triple (L′, X ′, Y ′) where L′ = L −X(eiX , f
i
X) − Y (e
i
Y , f
i
Y )
and X ′ = X [σX , e
i
X ] ∪ {e
i} ∪ Y [eiY , τY ] and Y
′ = Y [σY , f
i
Y ] ∪ {f
i} ∪X [f iX , τX ]. Since Xi is a full cross, the
graph L has rungs neither from X [σX , e
i
X ] to Y [e
i
Y , τY ] nor from Y [σY , f
i
Y ] to X [f
i
X , τX ]. Thus X
′ and Y ′
are induced in L′, and (L′, X ′, Y ′) is a messy ladder. If Xi is degenerate, then resolving the cross Xi results
in the edges eiXf
i
X and f
i
Y e
i
Y becoming rungs of L
′, and the rungs f i and ei becoming edges on the rails X ′
and Y ′. Note that we have not deleted any edges or vertices in this case, so the messy ladders (L′, X ′, Y ′)
and (L,X, Y ) are isomorphic.
For a maximal sequence of pairwise independent full crosses X = (X1,X2, . . . ,Xz) where Xi = (e
i, f i) of a
messy ladder (L,X, Y ), we inductively define the triples that result from resolving consecutive crosses of X.
Let (L1, X1, Y 1) be the messy ladder obtained by resolving the cross X1 with X
1 = X [σX , e
1
X ] ∪ {e
1} ∪
Y [e1Y , τY ] and Y
1 = Y [σY , f
1
Y ] ∪ {f
1} ∪ X [f1X , τX ]. Since the crosses in X are pairwise independent, the
operation of resolving X1 leaves the other crosses in X unchanged. Since the cross X1 is full, the operation
of resolving X1 does not create a non-degenerate cross. If X1 is degenerate, then (L
1, X1, Y 1) is isomorphic
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to (L,X, Y ). If X1 is not degenerate, then (X2,X3, . . . ,Xz) is a maximal sequence of independent full crosses
in (L1, X1, Y 1).
For the inductive process, the definition of the rails X i and Y i depends on the parity of i. Suppose
we have defined (Li−1, X i−1, Y i−1) for some 2 ≤ i ≤ z where (Li−1, X i−1, Y i−1) is the triple obtained by
resolving the crosses (X1,X2, . . . ,Xi−1). Since each cross of X is full, the operation of resolving the crosses
(X1,X2, . . . ,Xi−1) does not create non-degenerate crosses. Since the crosses of X are pairwise independent,
the crosses (Xi,Xi+1, . . . ,Xz) are unchanged by the operation of resolving the crosses (X1,X2, . . . ,Xi−1).
Each cross in (X1,X2, . . . ,Xi−1) that was degenerate in (L,X, Y ) remains degenerate after resolving the
crosses (X1,X2, . . . ,Xi−1). So the degenerate crosses from X1, X2, . . . , Xi−1 together with the crosses Xi,
Xi+1, . . . , Xz form a maximal sequence of independent full crosses in (L
i−1, X i−1, Y i−1).
Let (Li, X i, Y i) be the messy ladder obtained from (Li−1, X i−1, Y i−1) by resolving Xi. If i is even,
then let X i = X [σX , e
1
X ] ∪ {e
1} ∪ Y [e1Y , f
2
Y ] ∪ {f
2} ∪ · · · ∪ {f i} ∪X [f iX , τX ] and Y
i = Y [σY , f
1
Y ] ∪ {f
1} ∪
X [f1X , e
2
X ]∪{e
2}∪ · · · ∪{ei}∪Y [eiY , τY ]. If i is odd, then let X
i = X [σX , e
1
X ]∪{e
1}∪Y [e1Y , f
2
Y ]∪{f
2}∪ · · · ∪
{ei} ∪ Y [eiY , τY ] and Y
i = Y [σY , f
1
Y ] ∪ {f
1} ∪X [f1X , e
2
X ] ∪ {e
2} ∪ · · · ∪ {f i} ∪X [f iX , τX ].
Let (H,U,W ) = (Lz, Xz, Y z). Since we have resolved the crosses of X, every cross from X that is in
(H,U,W ) is degenerate. Thus (H,U,W ) is a clean ladder.
Remark 4.2. The vertices e1X , e
1
Y , f
1
X , f
1
Y , . . . , e
z
X , e
z
Y , f
z
X , and f
z
Y of the independent full crosses of X
are members of the vertex set of (H,U,W ).
This process of resolving the crosses is depicted in Figure 4.1a and Figure 4.1b below.
σX
σY
e1X
f1Y
f1X
e1Y
e2X
f2Y
f2X , e
3
X
e2Y , f
3
Y
f3X
e3Y
e4X
e4Y
f4X
f4Y
e5X
f5Y
f5X
e5Y
τX
τY
(a) Sequence of independent full crosses
σX
σY
e1X
f1Y
f1X
e1Y
e2X
f2Y
f2X , e
3
X
e2Y , f
3
Y
f3X
e3Y
e4X
e4Y
f4X
f4Y
e5X
f5Y
f5X
e5Y
τX
τY
(b) The clean ladder (H,U,W )
Figure 4.1
The red dashed lines in Figure 4.1a indicate the locations of rungs that cannot exist due to (e1, f1) being a
full cross. In Figure 4.1b, the blue path represents the induced path U , the green path represents the induced
path W , and the black lines represent rungs of (H,U,W ). Notice that there is a rung in Figure 4.1a that
has an endpoint in the X-span and an endpoint in the Y -span of (e1, f1), and this rung is not in (H,U,W ).
The next lemma follows from the process described above.
Lemma 4.3. Let X be a maximal sequence of independent full crosses of a messy ladder. Resolving the
crosses of X results in a clean ladder.
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In order to prove that a sufficiently large messy ladder conduces a clean ladder of the desired order, we will
need the following lemmas to bound from above the order of the spans of crosses and the distance between
consecutive independent full crosses in a maximal sequence of independent full crosses. We will combine
these lemmas with Lemma 4.3 to obtain a clean ladder of the desired order.
The following definitions are essential to creating the bounds. Define a non-crossing matching of a messy
ladder to be a set of rungs that are pairwise non-adjacent and non-crossing. Let M be a maximal non-
crossing matching in (L,X, Y ). The set of edges M ∪ {σ, τ} is an augmented matching of a messy ladder.
Note that the rungs of an augmented matching have the following properties: (1) they are pairwise non-
crossing; (2) the only vertices that can be endpoints of at most two members of M ∪ {σ, τ} are σX , σY , τX ,
and τY . A clean cycle consists of two distinct rungs e and f that do not cross and the sub-paths of X and
Y determined by eX , eY , fX , and fY . A ladder is r-cycle-free if it conduces no clean cycle of order r or
more. A fan of order s, denoted by Fs, is the graph obtained by taking an isolated vertex called the apex
and a path of order s− 1 called the rim and adding an edge between the apex and every vertex on the rim.
Let Fs be the family of graphs obtained from Fs by subdividing each of the rim edges an arbitrary number,
possibly zero, of times. A member of the family Fs that is an induced subgraph of a ladder and has the
apex on one rail and the rim entirely on the other rail is called clean. A ladder is said to be s-fan-free if it
conduces no clean member of the family Fs.
In the next three lemmas, we will consider messy ladders that are r-cycle-free and s-fan-free for some
values of r and s. Our goal in those lemmas is to bound from above the order of the X-span and the Y -span
of every cross by a function of r and s. First, we bound from above the number of vertices on each of the
rails of a messy ladder between two consecutive rungs in an augmented matching.
Lemma 4.4. Let r and s be integers exceeding three. Let (L,X, Y ) be an r-cycle-free and s-fan-free messy
ladder with an augmented matching M . There is an integer f4.4(r, s) such that the number of vertices on
each X and Y between a pair of consecutive rungs in M , including the endpoints of the rungs, is at most
f4.4(r, s).
Proof. Let f4.4(r, s) = 2((s− 3)(r − 4) + (s − 2)) + r − 5. Our goal is to show that the number of vertices
between a consecutive pair of augmented matching rungs is at most f4.4(r, s).
Let (p1, p2, . . . , pℓ) be an augmented matching M whose rungs are listed in the order of appearance on
the rails. Let Xj = X [p
j
X , p
j+1
X ] and let Yj = Y [p
j
Y , p
j+1
Y ] for some 1 ≤ j ≤ ℓ− 1. Since M is an augmented
matching, it follows L has no edge xy such that x ∈ X(pjX , p
j+1
X ) and y ∈ Y (p
j
Y , p
j+1
Y ). Each of the vertices
p
j
X , p
j
Y , p
j+1
X , and p
j+1
Y has at most s− 2 incident rungs, including the non-matching rungs, since (L,X, Y )
is s-fan-free.
We will bound from above the order of Yj ; the argument for Xj is similar. Let v1 be the vertex on Yj
such that pjXv1 is a rung and the number of vertices on Y [p
j
Y , v1] is the maximum, and let v2 be the vertex
on Yj such that p
j+1
X v2 is a rung and the number of vertices on Y [v2, p
j+1
Y ] is the maximum. We can express
Y [pjY , p
j+1
Y ] as Y [p
j
Y , v1] ∪ Y (v1, v2) ∪ Y [v2, p
j+1
U ], where Y (v1, v2) may be empty. We first bound the order
of Y [pjY , v1]. Consider the vertices on Y adjacent to p
j
X . Since (L,X, Y ) is r-cycle-free and s-fan-free, there
are at most s− 2 such vertices, and the sub-path of Y between every two consecutive neighbors of pjX has
at most r − 4 internal vertices. There are at most s− 3 of the sub-paths of Y determined by the neighbors
of pjX .
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So, Y [pjY , v1] has at most s− 2+ (r− 4)(s− 3) vertices. Similarly, the number of vertices on Y [v2, p
j+1
Y ] is
at most (r − 4)(s− 3) + s− 2. Since (L,X, Y ) is r-cycle-free, the number of vertices on Y (v1, v2) is at most
r − 5. So the number of vertices on Yj is at most 2((s− 3)(r − 4) + (s− 2)) + r − 5, as required. 
Next, we bound the number of rungs of an augmented matching that some other rung may cross.
Lemma 4.5. Let r and s be integers exceeding three. Let (L,X, Y ) be a messy ladder that is r-cycle-free,
s-fan-free, and has an augmented matching M . There is an integer f4.5(r, s) such that if a rung crosses two
rungs in M , then the number of vertices on the sub-paths of X and Y determined by endpoints of those two
rungs in M is at most f4.5(r, s).
Proof. Let f4.5(r, s) = m1m2+(m1+1)(r− 4)− 1 where m1 = (f4.4(r, s)− 1), m2 = (r− 4)(s− 3)+ (s− 2),
and f4.4(r, s) is the number from Lemma 4.4. Let (p
1, p2, . . . , pℓ) be an augmented matchingM whose rungs
are listed in the order of appearance on the rails. Suppose e is a rung such that eX is on X [p
j
X , p
j+1
X ) and
eY is on Y (p
k
Y , p
k+1
Y ] for some j and k. Without loss of generality, we may assume that j < k ≤ ℓ − 1.
Suppose that e crosses two rungs pm and pn of M . Since e crosses pm and pn, it follows that pmY and p
n
Y
are on Y [pj+1Y , p
k
Y ]. We bound from above the number of vertices on the sub-path of Y [p
j+1
Y , p
k
Y ], as the
argument for the number of vertices on X is similar.
Lemma 4.4 implies the number of vertices on X [eX , p
j+1
X ) is at most m1 = f4.4(r, s)− 1.
Next, we bound from above the number of vertices on Y [pj+1Y , eY ]. For each vertex v ∈ X [x, p
j+1
X ), let
Ev be the set of rungs incident with the vertex v. Let Dv be the minimal sub-path of Y that contains the
endpoints of all the edges of Ev. Since (L,X, Y ) is s-fan-free, we have |Ev| < s − 1. Since (L,X, Y ) is
r-cycle-free, there are at most r− 4 internal vertices on Y between every two consecutive rungs of Ev. This
leads to the following inequality |V (Dv)| ≤ (r − 4)(|Ev| − 1) + |Ev| ≤ (r − 4)(s − 3) + (s − 2) = m2. Let
D =
⋃
v∈X[eX ,p
j+1
X
)Dv. Since the union is taken over at most m1 elements, the graph D has at most m1m2
vertices.
Let Y be the graph induced by the vertices of Y [pj+1Y , eY ] −D. Since there are at most m1 components
of D, there are at most m1 +1 components of Y. Since (L,X, Y ) is r-cycle-free, each component of Y has at
most r − 4 vertices. So, the number of vertices on Y [pj+1Y , eY ] is at most m1m2 + (m1 + 1)(r − 4). Every
member ofM that crosses e must have an endpoint on Y [pj+1Y , eY ). So the number of vertices on Y [p
j+1
Y , p
k
Y ]
is at most m1m2 + (m1 + 1)(r − 4)− 1 = f4.5(r, s), as required. 
Now, we bound from above the number of vertices in each the X-span and the Y -span of a cross.
Lemma 4.6. Let r and s be integers exceeding three. There is an integer f4.6(r, s) such that if messy ladder
(L,X, Y ) is a r-cycle-free and s-fan-free, then the X-span and the Y -span of every cross is bounded from
above by f4.6(r, s).
Proof. Let f4.6(r, s) = 2(f4.5(r, s) + 2f4.4(r, s) − 2) where f4.4(r, s) and f4.5(r, s) are the numbers from
Lemmas 4.4 and 4.5, respectively. Let (p1, p2, . . . , pm) be an augmented matching M whose rungs are listed
in the order in which they appear on the rails. Note that σ = p1 and τ = pm. For the cross (e, f) suppose
that eX ∈ X [p
j
X , p
j+1
X ) and suppose that fX ∈ X(eX , p
ℓ
X ] where ℓ is minimal subject to fX ≤ p
ℓ
X . Suppose
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that eY ∈ Y (σY , p
k
Y ] where k is minimal subject to eY ≤ p
k
Y and suppose also that fY ∈ Y [p
i
Y , eY ) where i
is maximal subject to piY ≤ fY .
We will bound the number of vertices in the Y -span; the argument for the X-span is very similar.
We will define Y1 depending on the relation of eY to p
j
Y . If p
j
Y ≤ eY , then let Y1 = Y [p
j
Y , p
j+1
Y ] ∪
Y (pj+1Y , p
k−1
Y ) ∪ Y [p
k−1
Y , eY ]. By Lemma 4.5, the sub-path Y [p
j+1
Y , p
k−1
Y ] has at most f4.5(r, s) vertices. So,
the sub-path Y (pj+1Y , p
k−1
Y ) has at most f4.5(r, s) − 2 vertices. By Lemma 4.4, the number of vertices on
Y [pjY , p
j+1
Y ] is at most f4.4(r, s). Similarly, the number of vertices on Y [p
k−1
Y , eY ] is at most f4.4(r, s). So
the number of vertices on Y1 is at most 2f4.4(r, s) + f4.5(r, s) − 2. If eY < p
j
Y , then let Y1 = Y [eY , p
k
Y ] ∪
Y (pkY , p
j
Y ) ∪ Y [p
j
Y , p
j+1
Y ]. By Lemma 4.5, the sub-path Y [p
j
Y , p
k
Y ] has at most f4.5(r, s) vertices. So, the
sub-path Y (pjY , p
k
Y ) has at most f4.5(r, s)−2 vertices. By Lemma 4.4, the number of vertices on Y [p
j
Y , p
j+1
Y ]
is at most f4.4(r, s). Similarly, the number of vertices on Y [p
k−1
Y , eY ] is at most f4.4(r, s). So the number
of vertices on Y1 is at most 2f4.4(r, s) + f4.5(r, s)− 2.
Similarly, we will define Y2 depending on the relation of fY to p
ℓ−1
Y . If p
ℓ−1
Y ≤ fY , then let Y2 =
Y [pℓ−1Y , p
ℓ
Y ] ∪ Y (p
ℓ
Y , p
i
Y ) ∪ Y [p
i
Y , fY ]. The argument for this case is analogous to the argument for p
j
Y ≤ eY .
If fY < p
ℓ−1
Y , then let Y2 = Y [fY , p
i+1
Y ]∪Y (p
i+1
Y , p
ℓ−1
Y )∪Y [p
ℓ−1
Y , p
ℓ
Y ]. Likewise, this case follows the argument
when eY < p
j
Y ; and thus, the number of vertices on Y2 is at most 2f4.4(r, s) + f4.5(r, s)− 2.
Combining the bounds on the number of vertices on Y1 and Y2, we get the that Y1 ∪ Y2 has at most
2(f4.5(r, s)+ 2f4.4(r, s)− 2) vertices. Since e and f cross, Y [fY , eY ] is a sub-path of Y1 ∪Y2. Therefore, the
number of vertices in the Y -span of a cross is at most f4.6(r, s), as required. 
Define a sub-ladder (L′, X ′, Y ′) of (L,X, Y ) to be a messy ladder such that X ′ and Y ′ are rooted sub-
paths of X and Y , respectively, and L′ is the subgraph of L induced by the vertices on X ′ ∪Y ′. A cross-free
ladder is a messy ladder such that no pair of its rungs cross. A cross-free ladder is obviously a clean ladder.
A messy ladder is q-cross-crowded if it does not conduce a cross-free sub-ladder of order q or more. Note
that a q-cross-crowded messy ladder is also q-cycle-free and q-fan-free.
In the previous lemmas, we considered messy ladders that were r-cycle-free and s-fan-free for some integers
r and s. In the following lemma, we need a stronger assumption, namely that the messy ladder is q-
cross-crowded for some integer q. Since a cross-free ladder is a clean ladder, we restrict the order of the
largest cross-free sub-ladder and show that a large q-cross-crowdedmessy ladder has a long maximal sequence
of independent full crosses.
Lemma 4.7. Let q be an integer exceeding three and let w be a positive integer. There is an integer f4.7(q, w)
such that if a q-cross-crowded messy ladder has order at least f4.7(q, w), then the length of every maximal
sequence of independent full crosses is at least w.
Proof. We prove that f4.7(q, w) = 2(w− 1)(f4.6(q, q)− 1)+ (w− 2)(q− 3)+2(q− 3)+ 3, where f4.6(q, q) is
the number from Lemma 4.6, satisfies the conclusion. Suppose (L,X, Y ) is a q-cross-crowded messy ladder
of order at least f4.7(q, w).
For a contradiction, assume that a maximal sequence of independent full crosses in (L,X, Y ) does not
have w or more independent full crosses. Let X = (X1,X2, . . . ,Xz) where 1 ≤ z ≤ w − 1 be a maximal
sequence of independent full crosses in (L,X, Y ).
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We split the X and Y rails into segments X [σX , e
1
X ], X [e
1
X , f
1
X ], X [f
1
X , e
2
X ], . . . , X [e
z
X , f
z
X ], X [f
z
X , τX ],
Y [σY , f
1
Y ], Y [f
1
Y , e
1
Y ], Y [e
1
Y , f
2
Y ], . . . , Y [f
z
Y , e
z
Y ], and Y [e
z
Y , τY ], which partition the set E(X ∪ Y ). We will
bound from above the lengths of each of these segments.
The segments X [eiX , f
i
X ] and Y [f
i
Y , e
i
Y ] for 1 ≤ i ≤ z form the X-spans and Y -spans of independent full
crosses in X, and so by Lemma 4.6, each has length bounded by f4.6(q, q) − 1. So the number of edges in
the union of the X-spans and the Y -spans of the crosses in X is at most 2z(f4.6(q, q)− 1).
Since (L,X, Y ) is q-cross-crowded, each cross-free sub-ladder has at most q − 1 vertices. Since each
ladder has at least 2 rungs, the number of edges in the union of X [σX , e
1
X ] and Y [σY , f
1
Y ] is at most q − 3.
Similarly, the number of edges in X [fzX , τX ] ∪ Y [e
z
Y , τY ] is at most q − 3. The number of edges in each
X [f jX , e
j+1
X ]∪ Y [e
j
Y , f
j+1
Y ], for 1 ≤ j ≤ z − 1, is at most q− 3. There are z − 1 such segments, so the number
of edges in
z−1⋃
j=1
(
X [f jX , e
j+1
X ] ∪ Y [e
j
Y , f
j+1
Y ]
)
is at most (z − 1)(q − 3).
So the number of edges in X∪Y is at most 2z(f4.6(q, q)−1)+(z−1)(q−3)+2(q−3), therefore the order
of X ∪ Y is at most 2z(f4.6(q, q)− 1)+ (q− 3)(z− 1)+ 2(q− 3)+ 2. Since z ≤ w− 1 and X ∪Y contains all
vertices of (L,X, Y ), the order of (L,X, Y ) is at most f4.7(q, w) − 1, a contradiction. Thus, every maximal
sequence of independent full crosses has length at least w. 
The following lemma combines the previous lemmas in this section to complete the proof that a clean
ladder of desired order is a sub-ladder of every messy ladder that is large enough.
Lemma 4.8. Let t be an integer exceeding two. There is an integer f4.8(t) such that if a messy ladder with
a maximal sequence of independent full crosses X has order at least f4.8(t), then resolving the crosses of X
results in a clean ladder of order at least t.
Proof. Without loss of generality, we may assume that t is even. We prove that f4.8(t) = f4.7(t, w), where
f4.7 is the number from Lemma 4.7 and w =
t
2 − 1, satisfies the conclusion. Suppose (L,X, Y ) is a messy
ladder of order at least f4.8(t) and X = (X1,X2, . . . , Xz).
If (L,X, Y ) conduces a cross-free sub-ladder of order at least t, then the conclusion holds. Therefore, we
may assume that (L,X, Y ) is t-cross-crowded.
By Lemma 4.7, it follows that z ≥ w.
Let (H,U,W ) be the ladder obtained by resolving the crosses of (L,X, Y ). By Lemma 4.3, (H,U,W ) is
a clean ladder. It remains to show that (H,U,W ) has order at least t. By Remark 4.2, each full cross from
the sequence has four vertices in (H,U,W ). The cross X1 contributes four vertices to (H,U,W ) and each
of the subsequent crosses contributes at least two new vertices to (H,U,W ). Thus (H,U,W ) has at least
4 + 2(w − 1) = t vertices, as required. 
The following lemma combines the results from Lemmas 3.1 and 4.8. We will use this lemma in the proof
of the main result of the paper, Theorem 1.4.
Lemma 4.9. Let t be an integer exceeding three. There is an integer f4.9(t) such that if a messy ladder
(L,X, Y ) has a path of order at least f4.9(t), then (L,X, Y ) conduces one of the following: Kt, K2,t, K
+
2,t,
and a clean ladder of order at least t.
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Proof. Let f4.9(t) = f3.1(t, q) where q = f4.8(t). Since G has a path of order at least f3.1(t, q), Lemma 3.1
asserts that G conduces one of the following: Kt, K2,t, K
+
2,t, and a messy ladder of order at least q. If G
conduces a messy ladder of order at least q, then Lemma 4.8 asserts that G conduces a clean ladder of order
at least t, as required. 
5. Proving Main Theorem 1.4
The main theorem is a straightforward consequence of Lemmas 2.1 and 4.9. Specifically, for some integer
r exceeding two, if a 2-connected graph G has a sufficiently long path, then it conduces one of the following:
Kr, K2,r, K
+
2,r, and a clean ladder of order at least r; and if G fails to have a sufficiently long path, but is
large enough, then G conduces a member of one of the families K+2,r and K2,r.
Theorem 1.4. Let r be an integer exceeding two. There is an integer f1.4(r) such that every 2-connected
graph of order at least f1.4(r) conduces one of the following: Kr, a clean ladder of order at least r, a member
of K2,r, and a member of K
+
2,r.
Proof. Let f1.4(r) = f2.1(q, r) where q = f4.9(r). Since G has at least f2.1(q, r) vertices, Lemma 2.1 asserts
that G has a path of order q or conduces a member of one of the families K2,r and K
+
2,r. If G conduces a
path of order q, then, by Lemma 4.9, the graph G conduces one of the following: Kr, K2,r, K
+
2,r, and a clean
ladder of order at least r. This completes the proof. 
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